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The Mayer-Bolza problem of the calculus of variations is described in
relation to solution of problems of the theory of optimum systems. The
necessary conditions for optimization of processes are established and
an investigation of optimum states in linear systems is given.

1. Formulation of the problem. Let a system of n ordinary
differential equations of the first order be given

gszcis—fs(xl,...,xn, Upy oo - Um,y ) =0 (s=1,...,n) 1.1

with the finite relations

"szwk(ul,-..,um,t)zo (k=1,...,r<m) (1.2)
describing the behavior of a certain mechanical system. Here, %, ..., x,
are the coordinates of the system, and the quantities u;, ..., u, will

be called the control parameters, according to the common terminology.
We shall consider that the state of the system at the initial time t = ¢,
is given by the relations

Zs (to) = x5 (s=1,...,n) (1.3)

Moreover, we shall require that the coordinates x (T) at a certain, not
necessarily fixed time t = T be related by the equations

Q=@ [2,(T), ..., 22 (T), T] =0 (=1, ...p<n) (1.4)

We formulate the problem of optimization in the following way.
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Mayer-Bolza problem of the calculus of variations 995

Determine the functions x(t) (s =1, ..., n) satisfying Equations
(1.1) and the initial conditions (1.3), and determine the control para-
meters uy(t) (k= 1, ..., m) connected by the relations (1.2) in such a
way that the functional

J =Tz, (T), ..., 2a(T), T (1.5)

assume a stationary value, with the conditions (1.4) being satisfied at
the time t = T.

This formulation of the problem is different from the general formula-
tion investigated by Pontriagin [3 ]. The maximum principle provides the
necessary condition for the minimum value of the functional. The solution
of the Mayer-Bolza problem in a similar formulation had been given in
the lectures of L.I. Lur’'e, the contents of which have been extensively
used in the following arguments.

A trajectory in the n + = dimensional space Xyy oo X, Up, ees, B
which satisfies the conditions formulated above will be called the ex-
tremal.

n

An essential property of the problems of optimization is the existence
of limitations imposed on the parameters u,(t) and, in general, on the
coordinates zs(t). We shall assume now only the existence of limitations
on the parameters of control. In this case it is necessary to consider
discontinuous parameters up(t). Therefore, in the following the functions
z.(¢t) will be considered to be continuous, and the parameters up(t) and
the derivatives of the coordinates z (¢t) will be considered to be func-
tions with a finite number of finite discontinuities in the investigated
interval t; <t <T.

The formulation given above extends over a large class of optimization
problems. Thus, for instance, in the optimization with respect to high-
speed performance, the functional J is to be assumed in the form J = T,
with the conditions

O =z (T)—z7 =0 (t=1,...,n (1.6)

which corresponds to the problem of optimization of the period of transi-
tion of the system from the given initial state (1.3) into the state with
the coordinates

zs (1) = z,T (s=1,...,n) (1.7

The quantities st may be, obviously, equal to zero. In problems of
this type the time of transition T is not fixed. If T is prescribed in
advance, an arbitrary coordinate z,(T) may be prescribed at t = T and,



996 V.A. Troitskit

thus, J= z,(7). The remaining coordinates may be considered as being
given, i.e.

O, =z (T) —a, T =0 (I=1,...,0a—1, a+1,...,n (18)

We consider now the classical problem of Mayer [2].

1t J=Jl (>, ..., z,(T) ], then a certain function of the coordi-
nates at a fixed time ¢ = T is optimized. Using the functionals of the

type
T

S Flei(®, ..y 2, (0 uy (- ..y gy (2), £]dt
0

we can reduce the problem to the simpler problem of Lagrange of the cal-
culus. of variations [ 2 ]. This case is obviously also included in the
formulation given above., In fact, introducing a new coordinate t 1(t)
satisfying the equation

gn-{-l:. n+1—F[IIY""1xny ul,....um, t]:o

we are led to the problem of optimization of the value zn4_1(7) of this
cooriinate at the finite time ¢t = T. An analogous assumption may be used
in order to take into account a condition of the type

T
(ol o @ @m0, D=
0

This condition can be written in the form ¢;4_1 = z,, (1) — c. Here,
the coordinate zn+_1(t) satisfies the equation

gn-}-l:“én-{—l_(P[xl""’I‘n‘ ULy oy Uy, t]:o
This statement could be considerably generalized,

The examples given here confirm our proposition that a large number
of optimization problems may be formulated in the way described above.
In this, the forms of the functional J and the conditions (1.4) usually
reflect the physical meaning of the optimization problem.

2. Necessary conditions of extremum of the functiomal J.
We construct the expression

T n r g
T=1+{{Shme — Jm 0w} + % 0 2.1)

t, s=

where A (t), p,(t), and p; are undetermined multipliers of Lagrange.
Since its right-hand side terms are equal to zero, the conditions of ex-
tremum of J and I are identical.
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Calculating the variations of the functional I we shall assume that,
in the interval t, € ¢t <T, one point t = t* exists where the control
parameters become discontinuous. The existence of several points of this
type would only complicate further calculations. The above assumption
splits the interval t; < t < T into two subintervals t, < t < t* and
t* <t €T, in which u,(t) are continuous. Accordingly, we shall denote
by xs_(t), uy (t), A 7(t), p, (t) the values of the functions defined
above in the interval t; < t < t* and by us+(t), ' (t), )&:(t), pet(t)
the same values in the interval t* < t < T,

The formulation of the problem indicates that in the calculation of
variation of the functional I we should not vary the time t entering ex-
plicitly, for instance, in Equations (1.1) and (1.2). Nevertheless, the
existence of the limitations of the type (1.4) necessitates the variation
of the abscissa of the end T. Therefore, we shall have to make a dis-
tinction between "the variation at the end", for instance 8x§+(73, and
"the variation of the end", Z&xs+(7). The relations between them can be
easily derived:

Azt (T) = dz,* (T) + z.* (T) 8T (2.2)
Thus, for the variation AJ we have the expression

i aJ . oJ n aJ L
AT =% G (T) dxs* (1) -+ [57, +> Ty U ([)] oT (2.3)
s=1 s=1

An analogous expression can be obtained for A®,;.

Similar remarks apply to the variations of functions at the point
t = t* where u,(t) become discontinuous. Here it is also necessary to
make a distinction between "the variation at the point", 'O‘xsi(t*), and
"the variation of the point", Ax:(t*). They are related by

AzE (%) = dxf (t*) + T (t*) ot* (2.4)

We can construct now the variation AJI. Omitting all the intermediate

transformations, we write it in the final form
t.

Al = AT + 0 {i A ge— zruk‘wk‘}dt + § {zn} Mg b, e+
{4 s=1 k=1 * s=] k=1

t*

P n .
+ AE p,®, = S {2 O Rl N T U N N T )
s=1

=1 Ly

—_ 2 (‘)}l,‘._ Y (W, U, [)} di —

k=1
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g [ Za e Bow(Eant S s
+§{s§lax ot — fo @ty o ant ut s tm )] —
_ hzlﬁp; W (s’ oy D)}~ i{élax; [t + az: %‘1 A+
+ Souc (B0 gt Tk gl +

43 {04 gty 74 Do e () 1015 [+ 3 no] ¢
=1 1=1 1—1

+ SUIAST () —AsT (1%)] Az (1) — 2 [As™ (£%) Z4~ (£%) — AgH(2*) 2™ (£%)] 8t* (2.5)

s=1

s=1

It has been shown here that the intervals of the integrals may remain
unvaried, because the integrands and 8t; are equal to zero. The compo-
nents containing 8p; vanish for the same reason (®; = 0). In the deriva-
tion of Expression (2.5) the formulas of the integration by parts were
used

e t
S Ay~ 827 dt = Ay (%) 87y (£%) — S R (1) 82, (t) dt (2.6)

t {

T

gx; 825t dt = A+ (T) st (T) — Aot (%) bast h (2.7)

g

as well as the relations (2.4) and the conditions of continuity for the
functions x(t)

-t =z (1), Az (1*) = Az (t*) = Az (%) (2.8)
We note now that variations 8xst(t), SA ) (s=1, ..., n),
aﬂk*(t) (k=1, ..., r), 8t*, 8T, Ax(t*) (s-— 1, ..., n), 2lm~r)

variations 'O‘pk (t), and n — p variations Bxs (T) are 1ndependent; There-
fore, it is possible to determine 2r Lagrangian multipliers p, £(¢) and p
constants p; in such a way that the coefficients of the dependent vari-
ations 811,2t (t) and p variations dx +(T) become zero, and to assume the
coefficients of the remaining 1ndependent variations equal to zero. After
this operation we obtain the system of equations
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i‘.si.—]‘s(xlz,...,x":’uli,...,umi,t):o (s=1,... n) (2.9)
Yr (ur®, . et 1) =0 (k=1,...,71) (2.10)

coinciding with (1.1) and (1.2), the equations
n a/

xsi+2 sf;*aizo (s=1,...,n) (2.11)
a=1
n a)(s r a‘p
IR e aufi =0 =t...m (212)
=1 B=1

the boundary conditions for the function A (t)

(1)+ ax [ 2 Py (Dl] =0 (s=1,..., n) (213)

the equality
d " . o1
a7+ e @] =0 (2.14)
=1
and the Erdmann-Weierstrass conditions

M) =M =15 DA — A e =0 (215)

§=]1

These relations should be complemented with the initial conditions
(1.3), the continuity conditions (2.8) and Equations (1.4).

In this way, in order to determine 4n + 2m + 2r functions x i(t)

i(t) uki(t) I £(t), we have constructed 4n differential equatlons of
the first order (2.9) and (2.11), which introduce 4n integration con-
stants, 2m relations (2.12), and 2r relations (2.10). Thus, 4n arbitrary
constants, p multipliers p;, and the values of t* and T, altogether 4n +
p + 2 quantities, remain unknown. To determine these quantities we have
n initial conditions (1.3), n continuity conditions (2.8), n boundary
conditions (2,13}, n + 1 Erdmann-Weierstrass conditions (2.15), p rela-
tions (1.4), and Equation (2.14). Their number is also 4n + p + 2; there-
fore, the problem of determining an extremal may be completely solved.

3. Other forms of the above relations. If the Lagrangian func-
tion

L=73 kg, — > W, bx (3.1)

1 k=1
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is taken into consideration, then Equations (2.11) and (2.12) may be
written in the form of ordinary Fuler equations

d 0L oL
— —— —==0 (s=1,...,n), %:O
Ouy

dt 3z 9z (k=1,...m) (3.2)

constructed in terms of this Lagrangian function. Similarly, the equal-
ities

oL/ohs = 0, (s=1,...,n), aL/a}Lk =0 k=1,...,r) (33)

may be established, which yield Equations (2.8) and (2.10).

The first n of the Erdmann-Weierstrass conditions (2.15) may be also
formulated in the form of the conditions of continuity of the derivatives
of the Lagrangian function

(OL/8x ) Zse = (3L/0T,)Lpe (3.4)

at the points of discontinuity of u,(t), and the last one of (2.15) may
be replaced by the condition of continuity

(H2 )i=pe = (HA+)¢=1‘ (3.9)
for the function
Hy =3 xaz's=2xs/s(xl,...,xn,ul,...,um,t) (3.6)
s=1 s=1

The function (3.6) is the basis of the maximum principle of Pontriagin
in the theory of optimum systems [3,4 ]. We note here that in the pre-
sence of limitations of the type (1.2) optimum processes correspond to a
weak extremum of the functional HA' This follows from Equations (2,12),
which may be constructed in terms of the function

n r -
H=Hyt Hy= 3o+ S st = Hi @1
s=1 B=1
In addition, we note that Equations (2.9) and (2.11) may be written
in the form
. - 9H  O0Hy oo 0H OH ),

Ts = —/— = — == T /&, T A
7T dhy T Ok, s dx dx,

(s=1,..., n) (3.8)

which is used in the derivation of the maximum principle. Equations
(2.10) and (2.12) assume a similar form:

0H[ou, = 0 k=1,..., m), aH/alJ-A =0 (k=1,...r) (3.9)
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Consider now the condition (2.14). After certain elementary trans-
formations it can be written in the following form:

9 i .
S e O = lier = Hier (3.10)
[==1

.

In the case when the functions f, and ¢} do not depend explicitly on
time t, Equations (2.9) and (2.11) admit the first integral

H = h = const

This may be easily derived by considering the expression

dH 5 (oH 0H 9l OH N _ .
=2 e e =0 (3-11)
s=1
Therefore, instead of (3.10) we have
P D
U—T—[J + e, cp,] — i = const (3.12)
=1

Finally, we shall give a somewhat unusual matrix form of the relations
(2.9) to (2.15). We introduce [ 5] the column matrices x and A of the
order n and the column matrices u and p of the orders m and r, respectiv-
ely:

T ={x, ..., Zn}, A= {A, ..., A}
u={uy, ..., un, R (313)

Furthermore, we construct the column matrices f and ¥ according to the
rules

f=t ol %= e ) (3.14)

and the column matrices of the differential operators

o _ (0 o) 9 |2 z ;
UT—{TU,’()TJ’ i ‘lm,,m} (31))

n

of the orders n and m, respectively. Equations (2.9) to (2.12) may now
be written in the fomm

T—f=09=0 A+Zin=0 Ziadtypl =0 (3.16)

where primes denote the operation of transposing. The initial conditions
are represented as the equality

z (1) = 2° (3.17)

where x° is the column matrix of the initial values xs°. Similar form is
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obtained for the continuity conditions (2.8) and (2.15):

() = 2t (), A () = AT () (3.18)
The boundary conditions (2.13) assume the form
o a L .
MO v may U e Dy =0, (p={p1-- -, pp}y @ (D}, ..., D)) (3.19)

where p and ® are column matrices of the order p. The relation (2.14)
has the form

o , B
bt 0,) il [/ 4+ p'®] =0 (3.20)
: 12 and instead of the equality (2.15) we have
! K
Up, | (M) ie — (M) o == (3.21)
I
fzﬁ u? u : .
7 meg MR Note that the following expression may
i be given for H:

H=H +H =N +pvy (322

with the alternate formulation (3.5) for the condition (3.21) being pre-
served,

4. Linear differential equations. We shall consider’ now the
optimization problem for a system of linear differential equations with
constant coefficients [6 ]

m’

n
s th““ Xy Z hg g (4.1)
2—1

p=1
in terms of the functional J of the general type (1.5) with the limita-
tions
UP <ug<<UF @=t.m) (4.2)

imposed on the control parameters u,. In order to take into account these
limitations we introduce the functions [7,8 ]

ug = Xp (ttm45) B=1,...,m)

satisfying the following requirements:
dX
B

du, .,

+0, U <Ag@mn) < U2 for Up'R < upap <U®  (4.3)

dx{z . % ("m' ‘-ﬁ) = U([,l) for um’rﬁ < Um'(*l‘ii
X (um'*{a ) = Ugl) for y >U (2)

m'tf
B:-:1, .., m)

Y
5

(4.4)

’/"'"'4.‘." i
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An example of a diagram of such a function is shown in the figure
(with m = n%). We include u,- 4 (B=1, ..., m»’) into the number of con-
trol parameters, i.e. we consider that m = 2m”, and we establish the re-
lations

Yr = Uy — Ky (Wmray) = O (k=1,...,m") (4.5)

The optimization problem has now exactly the same formulation as de-
scribed in Section 1. With the aid of the functions x, and the conditions
(4.5) we are able to get rid of the limitations (4.2), and thus to shift
from the closed region of variation of the parameters u,, ..., u, to the

open region of variation of the parameters u;, ..., ugs, up . |, -.., U,

Equations (4.1) and (4.5) can be written in the matrix form

r = bx + huy, Y =u —X(uy) =0 (4.6)

Here x, ¢, u={u; | u;;} have the meaning explained above (see (3.13)
and (3.14)), and

up = {uq, - -, Un'}s g = {Upmt1s oo oy Um} (4.7)

are the submatrices of the column matrix u [ 5]. The symbols b and h de-
note a square matrix of the order n and a rectangular matrix n x m’

(4.8)

With the aid of the relations (3.14) we construct the equation
AL bA=0 (4.9)

which determines the column A, and we write the matrix of the differ-
ential operators d/du in the form

3 _ | d ol_{a g 3 a}
.(3—1‘—- — l‘a;; mj —_ m ..... dll T allnl,+1 i 1 a (4-10)

On the basis of the equality (3.16) we have

a 7 v ? 14 a 14 A h d ’ b
5u—l[xb + uyh' 1A+ E;[u‘ — % {un)lp =0, P Y (ugdpn =0 (4.11)
or

WA g 0 Mwm)pzo (4.12)

duyy
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where the matrix

2
ax du‘m’
#“f..ﬁ ....... (4.13)
It | 0 dx,,
| duim,
is diagonal.
The solution of Equation (4.6) has the following form [ 9 ]:
t
x:)”hd@f+§M@-ﬂMqﬁMT (M (1) = ety (4.14)
10
A similar expression
M) = M (T — 8 A (T) (4.15)

gives the solution of Equation (4.9), satisfying the boundary condition
for t = T. Substituting it into the relation (4.12), we obtain

WM (T —O)A(T) +p=0
Hence we find*
w=—hrM T —0)A(T)=0 for A(T)+0 (4.16)
where all the elements of the column p are different from zero.

Now, on the basis of the equalities (4.12) and (4.13), we obtain
X,

r/um,_H‘,

dXy

(lum/_{_,‘.

=0 or =0 =1,....m" (4.17)

Mk (2)

since neither one of p(t) is identically equal to zero: p,(t) # 0 (k=1,
ce, m).

Consequently, optimum processes in linear systems have an important
property: the control parameters in such processes assume only limit
values

Uy = Uk(”v or Uy == L/-k(?] (k=1

,,,,, m’) (418)

* We assume that Equation (4.6) is not degenerate [6].
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Let us note that the solution (4.14) of Equation (4.16) for up = U=
const assumes the form

2(t) = M —to)2°+ N (1 —to) hU mmo:gM(ﬂm) (4.19)

We shall investigate now the continuity condition (3.5) of the func-
tion H which, in the case being considered, has the form

]{1 = Abzx + ?\,’hu[
Only its second term

AMhup = :)3 (A hy) uy

k=1

may be discontinuous.

Here h, denotes the kth colum of the matrix h. Therefore, the dis-
continuities of the control parameters u,(t) may exist only for t = t*
where the function A“{t)h, is equal to zero

M (1) by = 0 (4.20)

and only the parameter u,(t) becomes discontinuous unless, obviously, any
other column h, satisfies an equation of the type (4.20) for t = t*.

The results obtained allow for proof of a known [ 10 | theorem of n
intervals. For this purpose it is necessary to consider Equations (4.1)
with one parameter u; = u under the assumption that the principal values
of the matrix b are all real. The diagram of the function A’{(t)h; =
A’{t)h then has not more than n — 1 intersections with the t-axis on an
arbitrary finite interval of time. Consequently, on the interval ¢, ¢
t < T the parameter u(t) cannot have more than n — 1 discontinuities, and
the total interval is divided into n subintervals in which the parameter
u(t) assumes either one of its limit values U{!) and U(?).

Repeating similar arguments for systems with m” parameters u,(t)
(k=1, ..., m"), we obtain a generalization of this theorem. For optimum
processes in such systems, if their characteristic equations have real
roots only, the interval t, < t < T is divided into m’n subintervals in

which each of the control parameters assumes one of its limit values
Uk(l) or Uk(z).

Let us note that the results obtained are valid for an arbitrary form
of the functional J. Some of them can be extended over nonlinear systems

[81].
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Here, as well as in Section 5, only results which are valid for linear
systems are presented. A complete solution of the optimum problem with
respect to high-speed performance is given in [6 ].

5. Examples. We shall consider the problem of optimum transient time
for the linear system
o= by hu G.1)

with one control parameter u. In this equation, x and h are one-column
matrices of the order n, and b is a square matrix of the same order n.
The functional I is to be taken in the form J= T, while the conditions
(1.4) may be expressed as

D= r(T)—2T =0 (5.2)

The initial conditions for x are given by the relations (3.17). The
boundary conditions for the functions As(t) may be written in the form
of one matrix relation A(T) = — p. This last relation and the equalities
(4.17) give

A = —M (T —1to (5.3)

and thus in order to determine the instants of time t;, ..., t _,; cor-
responding to the switches of the control u(t), we have the relation

WAt b= — 2 MAT — 1) h == 0 (5.4)

The total interval t; < t < T splits into the subintervals t;, < t < ¢y,
t) £t Lty wun, tq_ 1 £t ¢ tq = T, and for each of them a solution can
be constructed

4LSESGy, sy =M —)e; +N(E—6GYRT

where the notation x; = z(ti) is used, and it is assumed that U = const.
At the end of ith interval we have

x(t Mty — 1) a = Ny — ) U (5.5)

Tig1 = i+1) = i

To be specific, we assume that on the first subinterval t, £t £ t
the control parameter u(t) = 81. On the second interval it is equal to
U2, on the third it is again equal to U,, and so on. Writing the equal-
ities of the type (5.5) for each subinterval and eliminating EF i=1,
«ee, g— 1, we obtain the following formula for an even ¢ = 2q°:

.7::1 = I'J'I' - r (T) = M (T._ l(\) z° +
q’ v
+ Z M(T —ty )Nty =ty o) Ty + Z MAT = 1,) N (lg; — tyy_y) hU2 = 2T (5.8)

i=1 i=1
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and for an odd g = 2¢° + 1

rq = Lo T % (Ty= M (T — t3) z° - (57)
Q+1 q’
+ 2 M(T —ty; )Ny — ;o) hU, 442 M(T — 1) N (ty; — gy VAU = 2T

i=

—

i=1

Similar expressions could be written for the case of u = U, on the
first subinterval. They follow from Expressions (5.6) and (5.7) if U, is
replaced by U, and vice-versa. If there is no principal value of the
matrix b equal to zero, the matrix N(t) may be represented in the form

N (1) — b7 (M (1) — 1]

where I is the unit matrix. Thus, instead, for instance, of Expression
(5.6) we have

2(T) = 2q = M (T -~ 1e)2° - b WM (Tt )by~ bR, +
q y'—1
+ 2 M(T —ty, )b h(Us— Uy F 2 M(T — 1, )b (U, —Us) ==z (5.8)

i=1 i=1
If there are no multiple principal values of the matrix b[5], then
b= cAcTl, M) = el = petMem1

where A is the diagonal matrix of the principal values Ai of the matrix
b. Expression (5.8) may be written in the form

clr (T) e oM T=lze oM T=ld g-1poyy | — A-13°0, 5
ATty T et
+ 3 T A e (0 — 1) + Syt U e (1 — vy = 2T
i=1 =1
Here 2% = ¢~ 17, e M'T, he = ¢
The same result in scalar form is
: Q2
oM (T—Io)zic o oM 4'1‘-/,,#2# Uy, — ’fv__ [
4 \.j /vj
q o Qa—1, -
R on m—1,, . . S =ty .
+ N Ty Y £ TR vy = T
i=1 i=r
) T

Here z.°, z.', and h.° denote the jth elements of the respective
columns. In a similar way the remaining relations may be transformed
into scalar form.
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In order to solve the problem of optimum transient time, it is neces-
sary to select the values p; of the column p, which determine the in-
stants of switching the control u(t), in such a way that for ¢t = T the
relations of the type (5.6) or (5.7) are satisfied. But in some cases one
can avoid this lengthy process of calculation and limit oneself to the
solution of Equation (5.6) or (5.7),

To clarify this, let us consider a simple problem of optimum transient
time with the condition

Uy el (5.9)

It can be reduced to the problem discussed ahove by introducing the
following notations:

l] = T, XL == l (5 10)
and dealing with the equations
Ti=xr, a=u (U <u(l) < Us) (5.11y

The matrices b, M(t), and N(t) are now of the form

' 5142
0 0 (5-12)

01 ‘ i [ z| N
b:“o o” ‘11(1):“0 1!I' N (1) =

Substituting them into the equation obtained from (5.6) with ty = 0
and ¢" = 1

ra=M(T) 2+ M (T — )N, = N(T —1)h Uy = .’rT
we obtain two scalar equations
o o Y ogwgr o1 4 o . B B T )
2’4 T’ 5 TP (T — 1 (U — ) - (5.13)
@’ T Uy (T 1) (U — U)o’

Their solution has the form

1
T . -
Zs° Ta - 1 (| U, L5 L Ty opr (at 27 :
T = - (Ul U2 ) —’A( Ul‘-: (1 U-_z )[(J"Z ) — E (1‘2 )~— 20 (ll -4 ) ) (51,‘)

) 1

T : . —
s 1 1 U o U Ty B < 2 [
T — iy = Ug + L’g - Ul ( UIZ Kl - U—_l] ) [(Ig )2 — ﬁ (:E-z[)‘ -— .f,Ul (Il - lUlT)J ) (5.]0)

From the values of T given by (5.14) the smaller one should be taken
into account. Thus, the problem of synthesis of an optimum system may be
solved with Expressions (5.14) and (5.15). The results are well known
[10] and they will not be repeated here. In this simple case, it was
possible to solve the optimization problem without the use of the rela-
tions (5.4).
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We shall consider now the optimization problem of the linear system
(4.1) with the functional

n n
1
J= 5 D) D@y Ty (T) (5.16)
i=1k=1

being the definite quadratic form of the coordinates = (D at the fixed
time t = T. There are no limitations imposed on their values. In this
case

ad

k(T):;—-?ETTT

J = —ax(T) (5.17)

and repeating the calculations described above we obtain the following
equation:

& (T) aM (T — t)h =0 (5.18)

which determines the instants of time t; of switching the control u(t).
Substituting x(T) from, for instance, the relation (5.6) into (5.18), we
obtain

’

q
{x‘”M’ (T —t)+ Uy 2 WN Qg — 1y ) M (T — ty; ) +
f=1

v
F Uy D) RN (g — by ) M (T —-.lgi)} aM(T—t;)h =0

i=]

(5.19)
(=1,...,2¢—1)

In a similar way the equations corresponding to odd ¢ = Ig” + 1 (5.7)
or the other sequence of switching controls may be obtained.

In the preceding example of the system (5.11) we had q' = 1, From
(5.19) we obtaln one equation
e (Ue— U (T — 0 + 2 aa (Us — Uy (T — 12+
F [(#2°+ Tee® + +T2U; ) an + (222 + TUD ] (T — 1) + (5.20)
+ a2 (Ilo 4 Tx2® -+ —1_,‘ 1 Ul) +oaz (02 T Uy =0

which determines the instant of time of switching the control u(t).

If the square of the coordinate zlz(T) = x2(7) is minimized, then the
coefficients a;9 = a5, = 0 and we have the relation
1
Uy— U

from which the value of t; can be easily determined.

(T — ty)? == (22, = 2Tt - T20 ) (5.21)

In conclusion, the author wishes to express his gratitude to A.I.Lur’e
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V.A. Troitskii

for his help in this work.
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